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SUMMARY

INT%%DUCTION

Application of the classical demonstration method tends to lead to
long tesr when the mean time between failures (MTBF) of the device, to
be tested is large and few samples are available. The Bpyes technioue
while often successful in shortening test time requirements, introduces
other diffictlties. The most significznt is that test properties
gene:ally are quite sensitive to the characteristics of the prior
distribution. When the prior assignment is representative of the MTBF
characteristic of the device to be tested there is considerable gain, in
terms of test costs, resulting trom the use of the Bayes approach.
However, in most instances the needed data and data accuracy is lacking,
leading to uncertain results.

Attempts to mitigate this problem have led to the development of
yet another technique, denoted as the Hybrid Method. Here prior infor-
mation as well as a classical criterion is utilized in test design,
usually in the form of a Bayes producer's risk and a classical consumer s
risk. This combination results in a number of attractive t st features.
An important one, especially from the users point of view, is that the
consumer protection is independent of the prior distribution and remains
within a specified level. The producer also realizes some benefit in
that he is able to incorporate pertinent information, acquired during

development, into the test plan design and thus affect test properties
such as producers risk and test time. Another a'tribute that is of
mutual benefit is that a Hybrid test can generally be performed in a
shorter time period than a comparable classical plan. The exact savings
in test time depend on the characterittics of the prior distribution and
the specific test parameter values selected, but can be readily deter-
mine with the aid of the charts provided in this report.

A primary aim of this study was to investigate some consequences of
the Bayes method, especially thosc, aspects of the procedure that impact
on the user, i.e., the Government. Concern had been voiced about the
consumer prctec1:ion provided by these plans and there was apprehension
that this appro;ach seemingly led to the acceptcnce of bad material, much
in excess of allowable errors. Recent applications of Bayes tests in
which test time was extremely short or completely eliminated tended to

reinforce this feeling. The crux- of the problem was the lack of a
quantitative technique to assess the impact of the prior information on
consumer related test properties. Thus, an important element of this
study concerned the development of a method capable of evaluating these
dependencies for different choices of prior information.

2A further objective was to develop procedures to enable the design

and analysis of fixed time test plans, for all currently used methods,
to be accomplished in an efficient manner. This objecrive was set forth

I
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because of the practical difficulties that presently exist in the imple-
mentation of a test requirement, especially when attempting to use the
newer techniques. The pertinent literature often lacks the needed depth
or detail to permit direct application to test design. The intention,
therefore, was to provide a compendium of user oriented material suitable
for this purpose.

In opite of these seemingly diverse objectives, solutions were
dcrived uing a common approach. The key element in this approach is a
graphica- procedure that proved to be as versatile when applied for
purposes of test plan design as it was in the analysis of these plans.
For example, with the aid of these graphs, it became a relati':ely simple

matter to compute the change in Bayes consumer's and producer's risk
resulting from adjustments in the prior parameters while keeping other
variables fixed. The graphical procedure also performed well when
utilized as a design tool. It provided a simple, accurate, yet flexible
technique in the construction of any fixed time test plan, regardless of
method.

Finally, the availability of alternate test methods, while intro-
ducing additional design flexibility, may actually complicate the task
of test plan selection unless some logical and systematic scheme is
employed for this function. To help guide this effort, the report
provides a set of criteria and explains how they can be applied to
a derive a preferred test plan.

CONCLUJSIONS

a. A Bayes test is a relatively poor method for detecting inadequate
devices especially when the prior is optimistic.

b. Use of an optimistic prior in a Bayes test will generally result in
a short test, but it will also give rise to a dramatic reduction in user
protection (i.e., the protection against acceptance of inadequate
devices.)

c. Since the formal test period in a Bayes plan with an optimistic
prior is invariably much shorter than the prior MTBF estimate, it
represents a negligible factor in the test decision and its use should
therefore be discontinued (i.e., the major benefit of a test of this
type is of a psychological rather than a statistical nature).

d. The suggested use of the Probability of Acceptance, P (A ) as thec

praducer's criterion in a Bayes test in lieu of the Bayes posferior
producer's risk does have merit in that it represents a more meaningful
criterion for a contractor. However, construction of Bayes tests using
this criterion tends to lead to very short tests with attendant loss of
consumer protection and thus should be avoided. P(A ) can, however, be
constructively used in another manner; it can be empioyed as a technique
for predicting the reliability status of a product in the various stages of
Its development and thus help to flag problems that may require corrective
action.
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e. More wide spread application of the 'Jayes approach depF:.ds mainly
on the development of more realistic priors. One way this can be
achieved is through implementation of a reliability growth estimation
procedure. The test data generated during systems development and
utilized, in part, to satisfy the requirements of tracking reliability
growth as the design progresses, could also serve as the basis for
constructing more representative priors. (Instituting requirements for
reliability growth modeling would not only achieve much better control

of the reliability of an evolving system, but would also provide a
representative data base for Bayes type demonstration tests.)

f. At present, the Hybrid test method represents the most cost effective
solution t: a broad spectrum of fixed time demonstration test problems
and should therefore be specified and applied more frequently.

RECOM1MENDATIONS

a. The portion of MIL STD 781-B dealing with fixed time tests should be
updated to incorporate use of the graphical design and analysis pro-
cedure for the construction of classical, Bayes and Hybrid demonstration
test plans.

b. Prior to the selection and specification of a test plan, the
operating characteristics (O.C.) data of the proposed plan should be
generated and examined to ensure that the test plan's performance is
consistent with desired test objectives (the technique described in
the report may be used to obtain the O.C. data).

c. A program aimed at familiarizing user groups with the character-
istics and application of the Hybrid test method should be instituted.

d. The following additional work effort, limited to tasks which are
intended to bioaden the range of application of already developed
techniques, is recommended.

i) Extend the Bayes approach to accom=nodate applications where
reliability instead of MTBF is the appropriate success criterion.
Generally this applies to systems that operate over relatively short
time periods such as sonobuoys or Pissiles. This effort would produce
results similar to what is available for the MTBF case, but start with a
more suitable prior distribution.

ii) Evaluate the sensitivity of the Bayes posterior risks as a
function of the paraweter values of the prior distribution. Results of
this study will provide guidelines on hou coverage of a range of para-
meter values can be achieved with a suitably small number of graphs.

iii) Develop a technique for constructing the Operating Characteristics
(O.C.) curve for Bayes sequential tests. A procedure for determining the

iii
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O.C. curve for fLxed time tests is given in this report. Whileaccomplishment of a comparable capability for sequential tests ismore complicated, its availability will permit the performance ofa given sequential test to be examined and thus lead to improved
test design.

!I
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SECTION 1

PREFACE

Reliability demonstration testing is generally regarded as a
significant element of a reliability program since it: (1) identifies
and helps the design team to focus on a reliability requirement
throughout systems development and (2), represents the principal method
for verifying whether a given requirement has been achieved in the
design. Its positive role notwithstanding, the procedure is often
not utilized in systems procurement mainly because of schedule demands

or cost considerations. Part of the problem arises from the fact that
the principal demonstration method in use today, generally referred to
as the "Classical" method, tends to require long tests, especially in
cases where the inherent reliability of an item is large.

In contrast with the classical method the Bayes approach makes use
of prior information about the possible reliability values of the system
to be tested. This information is incorporated into the test design,
usually in the form of a density function. The test decision is now
based on the prior data as well as the data generated during performance
cf the test. When the prior distribution is amenable to a relative
frequency interpretation, It can be viewed as pseudo test deta which,
when combined with actual data, is instcumental in effecting the
relatively short tests experienced with this method. In most instances,
however, development of a prior is based on subjective information which
causes great difficulty in assessing the reasonableness and consequences
of the various ssumptions made. This is of considerable importance
since errors in the estimates of the prior parameters are propagated
to the posterior estimates, on which decisions are based.

The Hybrid method combines some of the better features of the other

methods. It represents a practical option when the prior assignment is
considered to be unacceptable yet use of an efficient test is indicated.
Since the consumer protection is stated in terms of the familiar classical

consumer's risk, it is independe;it of the prior information. The prior,
however, still plays an important role in that it affects test time and
the producer's risk.

The three rethods identified represent the range of alternatives
currently available in the area c.f fixed time tests. Given a set of
test objectives, selection of suitable test plan reqLires knowledge of the
characteristics of the different methods and a capability to construct and
compare competing plans. The principal aim of this report is to convey this
information in simple, user oriented terms.

I-A
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E C T T o N IT

1. SUMMARY OF CHARACTERISTICS OF DIFFERENT TEST METIODS

A. General

While the risks of any Classical fixed tire teat plan are identical
in definition, this is not true for the Bayesian method where, becatise
of lack of agreement about what is meant by consumer'sand Producer'srisk,
thre. different producer's risks and two consumer'srisks are utilized at
present, (1), (3), (5). Since each producer'srisk can be comhined with J
a consumer's risk to forr a feasible test plan, it is possible to construct
r~ny different Bayes tests. In addition, each Paves risk can be cobined
with a Classical risk creating additioncl test alternatives. The full
range of possibilities can perhaps be most easily seen when expressed in

the ratrix form shown below:

MATRIX OF POSSIBLE TEST METODS

1 2 3

ct-0a-B I ______

2 A-$ A-, A:---B

3 A - ,A -B jA I-PI
4 ?(/cc)-a P(Acc)-B P(ACC

the symbols denote the following: (A more foimal definition of the risk
terms is given in the near section.)

classical producer's risk

classical consurer's risk

A - Bayes posterior producer'srisk

B - Bayes posterior consumer risk

A, - Average Bayes producer'srisk

B1 - Average Bayes consumer'srisk

P(Acc) - Probability of test acceptance (A test criterion used
in Bayes tests usually in lieu of the A or A] criterion)

ct-- - designates the Classical consumer'sand producer's
risk corbination

A-0 - designates the Hybrid criteria utilizing a Classical
consumer risk and a Bayesian producer risk

SII-i

I
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Partitioning of the matrix groups the array in terms of the different
test methods. Thus element (1.1) of the vatrix represents the Classical
(ct-O) method. Flements (2,2), (2,3), (3,2), (3,3), (4,2), (4,3) comprise
the Eaves method. The other elements contain mixed criteria and are, bv
definition, Hybrid tests. Not all lPybrid tests are considered to be of
equal significance in that those combinations appearInp in the first
colunm (i.e., the ones utilizinp a classical consumer's risk) are repsnrded
as wore practical than those with a classical producer's risk (i.e.,
elements l,: and 1,3 of the matrix). This Is due to the assumption that
a Hybrid plan is nreferred in cases where difficulty is experienced in
deriving an acceptable prior. In these situations, it is felt, the
users interest would be better served with a test where his risk is
expressed in terms of a classical risk. Plans which reverse this condi-
tio. (i.e., provide a classical produceis risk) were assumed to have
lesser prac :iea1 significance end are not investigated further.

There -:e a number of assumptions common to all test methods. The
most general is that the interarrival cimes of failure afe considered
to be independent and identical, exponentially dibtributed, random
variables. The mean of this distribution 9, is the mean life. A direct
consequence of this assumption is that the hazard rate is constant,
independent of operating time. Another is that the mean time between
failures (MTBF) is independent of the number of failures observed and
equals the mean life. That is, the mean time between the (n-l)st failure
and the nth failure is the same for all n (n = 1, 2, . N). If the device
is repairable then completion of a repair results in an "as good as new"
condition. Or, if the device consists of components which are replaced
upon failure, the device is considered to be "as good as new" after each
replacement. (The term 'device' refers to that particular level of a
system's hierarchal structure for which an assumption of a constant
hazard rate is considered reasonable. Thus the term 'device' could
signify a single component, a series of components or a complex assembly.)

There also exist commonalities in test methodology. For all methods
reliability demonstration is a form of hypothesis test whose air is
to distinguish whether 0 >01 or 0<0l, where e1 is the value of MTBF that
is to be demonstrated. All test procedures also call for operating the
devici for T hours, repairing or repiacinp it upon failure (in cases
where 7epair is performed average repair time (MTTP) is assumed to be
much sualler than the MTBF) and counting the number of failures occurring
in time T. If the number of failures is less than r*, where r* is the
allowable number of failures specified by the test, the decision i rade

that eze1 (i.e., 01 has been demonstrated). If the number of failures
exceeds r* the decision is that the 0<01. The test Is unicuely deter-
mined once T, r* are chosen. Explicit specification of T, r* are
characteristic of a fixed time test. Tests where T and r* are not fixed,i.e., sequential tests, are not considered here. In addition to the

shared properties, each method also has a nurber of distinct features
such as:

B. Classical Method

The probability of device acceptance depends on the actual value
of 0 and is denoted by P(AccI8). The curve obtained when plotting this

11-2
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probability against 0 is called the operating characteristic (O.C.)
curve. The O.C. curve shows how the chance of acceptance varies with
different possible values of 0 and is an important quality characteristic
of the test. Classical test design generally involves choosing a value of
O,00, and a value a (called producer's risk) and requiring that P(Acc/60)>]-a;
and choosing a value of 0,61<00 and a value a (called consumer's risky and
requiring that P(Acc!/I)<. If a device is accepted it is said that mean
life 01 has been demonstrated with, at least, confidence 1-0. The use of
the parameter 00, while not a part of the demonstration requirement, is
necessary to control the shape of the O.C. curve for values 6>>@1, 'nd thus
to protect the producer agaiinst the use of plans which have a high pi cb-
ability of rejecting devices which more than meet the requirement. If all
devices tested are of quality level O0, the fraction a would be rejected
by the test. Similarly, if all devices have quality level 61, the cons.amer
will wind up with 100% marginal devices even though only B percekt are

accepted. This test method assumes that all devices on test have th
same, but unknown, MTBF, and that if future production is accepted on the
basis of these tests, they will also have the same MTBF. The Classical
method considers MTBF as an ,nknown parameter and no use is made of prior
information about the possible values of MTBF.

C. Bayesian Methods

Here prior information and a.2tual data, ach expressed in a
specified form, is used in test design. The mixing of the prior and the
observed data is accomplished using Bayes theorem and results in a pcsterior
function which reflects the impact of the data on the prior. The mathematics
of the mixing process become simplified and interpretation of results
facilitated if the prior and the test data are chosen as conjugate
functions. This leads to a posterior of the same form as the prior with
parameters that are additive constants of the prior parameters. In terms
of the demonstration 1.-oblem of concern here, where MTBF is the figure
of merit and failure data is generated in accordance with a Poisson
process, the appropriate prior is the inverted gamma density. As a con-
sequence, the posterior is also an inverted gamma density with parameters
which are the sum of the prior parameter values and the test data.

While the mechanics of the mixing process involve well defined and
noncontroversial operations, they can't be implemented without assign-
ment of a prior distribution. It is this aspect of the Bayesian method
that has been the subject of great controversy. Much of it centers on
the nature and interpretations of g(e), the prior distribution. As
pointed out in reference (1), two models generally apply. The first
is where 0 is assumed to vary from experiment to experiment, according
to g(8); that is, 0 is assumed to be a random variable having a fixed
distribution g(G) and the values of the MTBF at different times are
independent realizations of this random variable, which is not directly
observable. In this model, the posterior distribution pertaining to a
particular experiment cannot be used as the prior for the next experi-
ment simply because this posterior is not the one generating the next
value of 0. As a consequence, no information in the form of a posterior
distribution can be carried over from test to test. The use of the

11-3
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posterior distribution from one test as the prior for the next builds
in the assumption that the MTBF at different times is identical and that
the additional data pertains to the same MTBF. This, of course, is a
different model; one which treats T;-BF as a fixed but unknown constant
and its diatrlbution g(e) represents the deree of belief associated
with the possible volues of 0. Here M14TF can be considered as a randor
variable only once and thereafter remains fixed. This means that addi-
tional infornation is Rathered about the unknown parameter value as
more data becomes available, as happens In sampling distributions. Roth
models iire identical in that not only the form of the prior distribution
but the specific distr-btition is assumed to be known initiallv.

"hese assumptions do not pertain to the Epirical Bayes method. In

this approach, the data accumulated in perforring repetitive tests is
used to estim~te the prior distribution, uhich is amenable to a relative
freruencv interpretation. Investigation of the asymptotic behavior of

the Empirical Bayes procedure in reference (2) indicate. that after
observance of a considerable number of repetitions the B.yes risk for
the next test is almost the same as if the prior were known. This is
a very desirable property in that nothin' need be assumed about the
prior, but unfortimately requires a lonp sequence of tests, of a
repetitive nature, before this property Is realized. The latter con-
straint makes it difficult to apply this method to many reliability
deronstration problems and it Is therefore not discussed further.

As noted previously, several different sets of risk criteria are
utilized in the Bayes approach. The three comeonly useS se.ts which
are also applied in references (3), (4), (5), are:

1) P(8_ O0 /Reject) - A and P(0 1/Accept) - H whre A, B denote
the posterior producer's,consuer'srisk, respectively.

2) P(Reject/ O00 ) - A1 and P(Accept/0<61 ) - B1 where A1 , B1
denote the average Bayes producer's, consumer's risk, respectively.

3) P(Acceptance) - A2 and B or B, where A2 is the a priori proba-

bility of a.ceptance before the test is conducted. It is used here as
a producer's criteria in lieu of A or Al.

The third combination uses overall acceptance rate for the producer's
risk. It has been suggested in references (3), (6), that this quantity
has more significance to a producer than either A or A, and therefore
represents a more pertinent criterion than either of the other expres-
sions. Assuming that rejected devices cost a producer money because of
the need to scrap or overhaul them, it does appear doubtful that be would
derive comfort from the fact that only, say, 10/ of the rejected units
havc a 0.00 when his overall rejection rate is high. This does suppest

that te may prefer to limit the overall rejection rate or to control the
probability of baving good units rejected. To accomodate these goalsa nmber of he tet plans utilizing the A2-R and the Al- .B, criteriasets have been constructed and are examined in the report.
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Irrespective of the particular set of iisks selected, a Bayep .est
cannot be formilated without use of a prior distribution. Once the prior
has been chosen the test can be designed to limit the risks to remain
within selected values under the assumption that the prior distribution
is an accurate representation. This point should be keyt in mind when
use of a Bayes procedure is contemplated. In addition, two other potential
difficu.:tes are:

1) If the assumed prior is grossly in error, especially if it
is overly optimistic about the capabilities of the device - this procedure
can be very poor in detecting inadequate devices. (This is bad for the
consumer.)

2) It may be extremely difficult to construct a prior which
accurately reflects the expected MTBF capabilities of a device using
information gathered during its design and development, or even from
past data deemed "suitable" for this purpose.

D. Hybrid Test Method

As pointed out, a serious problem mitigating the application of
Bayes tests is the uncertainty associated with the prior distribution.
Often a contractor has a prior distribution which puts a great deal of
weight on values of 0>>8 and the user is unwilling to accept this prior.
If he does use this prior for the purpose of devising a test he finds
that 1! has uncomfortably large probabilities of accepting devices with
0<91 and does nct share the producer's optimism -egarding the small chance
that such O's will be encountered. He recognizes that without having a
prior distributiun he can believe in, he cannot hope to achieve the aim
of risk B, the Bayes posterior ccnsumers risk, regardless of its potential
attractiveness. He also realizes that using the B criterion, even with

1
reasonably small P(Accept/e<ej), he can have many poor devices on his
hands if all devices tested are, in fact, of poor quality. He therefore
prefers to be protected in the classical sense, in terms that he is more
familiar with. To accomodate this point of view, a number of Hybrid plans,
combining a classical consumer and Bayes producer risk, are developed and
discussed in this report. As will be seen, theee plans have a number of
attractive features.

11-5 1:
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SECTION III

1. GRAPHIC PROCEDURE

A. General

When severol test alternatives are possible, identification of
a preferred plan is usxally achieved by repeated application of a test
design procedure. The (.haracceristics if the procedure therefore, deter-
mine how efficiently th',; task can be accomplished.

For the classical test method, the test selection problem is simple
since test alternatives are available in tabulated form and appear in
publications such as MIL STD 781B. Selectiofi of an appropriate plan
merely involves scrutiny of the tables to identify that set of parameters
best suited to meet the given requirements. Of course nor all feasible
combinations of test parameters are tabulated. If a particular combination
not listed is of interest the user has a choice of either selecting a 3et
that comes closest to meeting his goal from the available tabulations or
he can derive his own plan by solving a set of simultaneous equations
appropriate to the Classical test method. The lattei scheme requires
some additional effort but can be readily accomplished.

For the Bayes method, tabulations are now beginning to appear,

reference (6). Since each plan must include specification of parameter
values for the prior distribution, in addition to the usual indices,
sizeable tabulations result. For the inverted gamma prior distribution
commonly encountered parameter values vary over a 5 to 1 range for each
of two parameters. This gives rise to a 25 fold increase in the number of
tables required compared to the Classical method(assuming Integer parameter
values). Since manipulation of large amounts of data tends to become quite
awkward and time consuming, this approach is not considered to represent an
effective method for test plan selection.

The graphical test design technique described in this report was
originally developed to facilitate analysis of Bayes test plans. Its
availability eliminates the need for extensive tabulations and removes
some of the previously mentioned limitations in regard to choice of test
parameter values. While applicable to all test methods the Classical
method, because it is the simplest and most familiar technique, is used
as a vehicle to explain the characteristics of this procedure and to
illustrate the manner in which it can utilized.

B. Classical Test Plans

rhe graph shown in figure 1 is a computer plot of the risk
functions for the Classical method. The graph consists of two sets of
curves labelled R*A and R*B. The R*A set depicts the relationship between
producer'srisk and normalized test times, T/O. A separate curve is
drawn for each of the 11 values assigned to R*A. R*A denotes the maxi-
mum number of failures allowed in a test for an accept decision. Values
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of R*A are incremented in unit steps and vary between zero and ten.
Similarly, the R*B set describes the functionai bel.--ior of consumer's
risk, 8, with norma' id test time T/8o  Again eleven separate curves
are shown, each for Jifferent R*B va~ue, as indicated in thaL figure.

All the informauion needed to formulate, evaluate and compare a
variety of different fixed time Classical tests can be abstracted from
these curves. Before giving instructions for aoinc this, it is informative
to examine some of the relationships shown in the graph. As can be seen,
all consumer's risk curves tend asymtotically towards zero with increased

test time. Since ccnsumer's risk, by definition, is the probability of
accepting marginal aevices, Its value is large for small test times
because even bad unics (6<e will oaten not fail in a relatively short
time. As test time increases the test becomes more discriminatory in
that it is able to reject more bad units and consequently, the consumer's
risk will decrease. For large T/O values the test becomes rather severe
in the sense that only a few failures are allowed over a relatively
long test period, even for the largest R*B value indicated. This
means that many good units (e>>61) as well as bad ones, will be rejected
by the test.

Using the definition of producer's risk and applying similar reasoning,
it is expected that for small test times a will be small since few units,
good or bad, will be rejected. Conversely, for larger test times a will
be large due to the severity of the tesr. When T/ is kept constant, a
can be seen to vary inversely with R*A. This resul? can be exploined by
noting that conditions for acceptance have been relaxed when the value
of R*A is increased, while T/O remains fixed. Consequently the proportion
of rejected units will be smalyer and therefore the subset consisting of
the fraction of rejected units that are good will also be smaller.
Depicting the pertinent functions in graphical form permits ready obser-
vation of their behavior and thus promotes an understanding of important
relationships.

As pointed out previously, the graphs of figure I =an be used as a
simple, accurate, yet flexible test design tool. While the application
sequence will vary in accordaace with the specific requirements of a
given problem, the cass generally encountered can be classified into
3 groups. In the following discussion, sample problems of each group
are postulated together with a step by step explanation of how the
respective solutions may be obtained.

1. Plans having equal risks and a constraint on the common risk

value.

Example 1: Develop test plans having equal a and C values. For
tne purpose of this example limit a, Bs20%.

The values of T/Oo, and the maximum allowable number of failures, r*
needed to completely specify this test can be obtained from the points
of intersection of equal valued R*A and R*B curves. Since valid test
conditions require a single value for the allowable number of failures,
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R*A must equal R*B. The point of intersection of the R*A R*B 10 curve
gives a value of 12.8% for equal a, B. The corresponding tezt time can be
determined by drawing a vertical line from the point of intersection to the

horizontal (x) axis. The value obtained is approximately 7.4 GO hours. If

five failures are allowed, test time is decreased to approximately 4.0 0 0
hours but the risks increase to 20.4%. The latter plan represents the

lower limit for allowable number of failvres since any further reduction
causes the maximum risk values specified to be exceeded. Therefore, only
test plans with r*>5 satisfy the given requirement. The graphs clearly
show the existing trend: an Increase in r* results in decreased risks but

is also accompanied by longer test times.

2. Plans having unequal risks and separate constraints on each risk.

Example 2: Devise a test with a and B having specified but unequal
values. For this example assume that an a of 18% and a B of approxi-

mately 13% is desired.

The procedure for obtaining the required plan is only slightly nore

complicated than that of the previous example. Again, it should be
observed that establishment of viable test conditions requires that R*A
equals R*B equals r*, and that both the allowable number of failures ,:nd

test time have to be single valued. Within these restrictions, the

needed T/9 and r* values are obtained by drawing a horizontal line through
the a-18 point on the Y axis. The line should intersect all R*A curves.

Pick an R*A curve, say R*A=7, and draw a vertical line from that point
of intersection to the corresponding R*B curve (R*B=7, in this instancp).
The latter point of intersection provides the B value for this test,

which is approximately 16%; when the vertical line is extended to the

abscissa the corresponding test time, approximately 5.4 6 hours, can be

obtained. Since the consumer's risk (16%) exceeds the desircd value (13%)

the procedure is repeated, this time choosing the R*A=8 cur,,e. An a of

18% on this curve delineates a 8 of 12.0% and a corresponding test time
of 6.3 60 hours. Since requirements are met, the latter plan Is accept-
able. In instances where some flexibility exists in the statement of
test requirements, the graph can be utilized in other ways. For example,

the data indicates that a 3% reduction in B can be realized by allowing
Lest time to increase ;y a normalized unit (T/6=1). Whether this

-0
represents an acceptable tradeoff depends on the constraints of the
specific problem addressed. The example, however, illustrates another

potential area of application for this procedure.

3. Plans having a time constrainc and (possibly) a single risk
constraint.

Example 3: Develop test plans where test length does not exceed
5.0 0 hours.

0

All feasible plans are delineated by drawing a vertical line
through the TiO =5.0 point and are situated on or to the left of that line.

0
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Choosinr the lZ*A-13- curve, an a of approXm.ately 1.4- Is ontalned. How-
ever, the cor-esponding 3 cannot be obtained directly fror the graph
;Ince its valui exceeds 30'. By letting a take on 1ancrr value the
corresponding B's becore smaller. For a eqzual to ]I- and using the
previous test time of T/ 0o=5.1, the apprnpriate 6 is ?2'. This value
is obtained from the poit of Intersection of the T/6 0 =5 line and tw
R*B-7 cuive. The selection of the R*hlw7 curve is based on the require-
• znt that R* must equal R*A. (R*A=7 had previously been lefinrW' by
choice of the a and T/6 o values.) Other ;olutions can 1, ol tairet' l-
choosing another feasible test tire and followinp a ro:tine sirilar to
that de3eribed.

.qt this point it would perhaps be ii'structive to show how readily
the test conditions for sore fixed tire plans of "IISTi" 70]r' can he
reproduced -.3ing the praphical procedure. For e;:ar-ple, test pln ""
in table 4, pa-e I', .pecifIes a producer's risk of I.-, if", r -r,
6.2 hours of norral ize. test tire an' .1lo-' ,,rs; test -ln ": in
the sane table is a plan having an a=0=2(-; a T/eo=..A ".o-irq .nf allows
5 failures for acceptance. With the aid of fi.,,rr- 1 an.1 use of any 2
of the 4 quar.tfrieq specified for each plan, t'.e other -. 'lzzes can 1'e
readil- v.ritc ;. The re.-qon for t},is particular chi'.- .of .II.TP 7Pl,
plans I. that the vrl.es of the discrimination ratio, V, an.' t-e allow-

able n.,rc'Cr of failures, r*, are idertical to those ,:se -2 in constructing
this grapih. Louever, all plans shown In that table can be derived graph-
Icaily if t-e curves arc redrawn incorporatin- the appropriate paraneter
adjustments.

C. Applieation to "ayes Test Plans

Test plans utilizint either a cornination of Classical and
Bayes (Hybrid) or both Bayes criteria cannot be for.r-late-. without sore
prior distribution. For reasons of convenience and hcause of Its wide
usage, the inverte. garza distribution served as the prior distribution
for all Bayesian and Hybrid plans described here. This density function
can be expressed as: -6

f(e) -er" e>0

= 0 <

where 8, 6 denote the shape and scale parzra.eter of the distribution.
The rean of this distribution, E(6), equals 4i(*-l) for 0>1 and '(w)

is the gar--.a function of *.

* Results from a change of variables such that the new variable is the

inverse of the ga-,-a distributed random variable.

J The table shown on page 111-6 su-.arizes the characteristics of the

Bayes functions graphed and establishes a frame of reference for this

discussion.
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Criteria Parameter Values Expected Discrimination graph is
Set shape scale Value shown

parareter param.eter K(O) ratio in firureK

A-D 1 150 75 2

A-B1  1 350 75 2 3

AI-BI  3 150 75 2 4

ltAcc)-S I 200 10) 2 5

The shape of the Rayes risk functions, as can be observed fror' the
graphs, reser bles the Classical a, a curves, especially for tht AI-B 1
criteria set. Since the Classical and the AI-B1 risks have sir-iiar
definitions, their likeness is not too surprisinp. The Bayes risks, how-
ever, are expressed in terr- of a probability which is averaged with
respect to a region of the prior Listribution (i.e., the conditional
probability of rejection is defined for values of 62 eo)whereas the
classical risks are specified in terms of point values for S.

This similarity also carries over, to sore extent, to the other Bayes
plans. A point of significant difference is that the Classical consumer's
risk curve will always start at one (i.e. have a value of one for zero
test time) and will asymptotically approach zero for large test tire.
The Bayes consumer's risk will generally not do this. The initial value
is determined by the area in the prior density bounded by 0<816e. Alter-
natively, the Bayes producer's risk curves will generally not converge to
an asyritote of 1 for large test tire as is the case with the Classical
producer's risk. The limiting value reached depends on the area segment
in the prior density defined by the limits Oo . These features and
their effect on test plan characteristics are exarined in rure detail in
the next section.

Graphs of criteria set P(Acc)-B, shou-n in firure 3, exhibit the
greatest difference compared to Classical plans. The usual approach to
test design using this criteria set is to initially select values for
P(Acc) and the consumerTB risk and then calculate the other parameters.
Since P(Acc) indicates the probability of successfully passing the test,
it is in the producer's interest to specify a large value for this quantity,
(i.e. within the limiting value of one), Of course the P(Acc) value
should not be picked arbitrarily, but based on the prior parameter esti-
rates, choice of allowable number of failures, r*, and test tire, T.
Increasing r* increases P(Acc) but it also increases T, for a given level
of consumer'srisk. Since it is generally desirable to keep T small, an
inflated P(Acc) esti=ate is likely to reflect an expected test advantage.
Since E(8) is computed from the same parameter estimates it will also
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be affected; the direction of change is such that an increase in P(,cc)
will also increase E(O). Test plans with large P(Acc) and E(8) generally
lead to very short tests as is evidenced by sore plans appearing in
reference (6). The problem with short tests is that the observed data
generally is inadequate to influence the test decision.

The use of these plans is therefore not recorz-ended. P(Acc) can,
however, be constructively used in another manner; it can be er-ployed as
a technique for predicting the reliability status of a product in the
various stages of its devloptient and thus help to flar problers that
rtay require corrective action.

The application of the F:raphical procedure to formulate nayes tests
generally follows along the lines previously discussed. P1owever, several
additional examples. with arbitrarily chosen parareters, will be presented
to further illu'trate this technique.

Exanple (4): Assune a Dayesian test, using ciiteria A-B, is to 1e
developed with the requirement that it not exceed 2.0 G. test units.
Deternine all pertinent test pararezers.

;, vertical line drawn through the T38o2 point on the abscissa

delineates, to the left of that line, all practical test possibilities.
rnhoice of r*-l for the allowable number of failures leads to a test plan
with a producerr risk, A, of approxinately 9.57; a consumers risk, 1', of
approximately 6" for T/80o2. Reducing test time to T/0o1.75 results in
a plan where AfB-67 wheni r-*l. Further reduction in test tire to T/ee-l

results in a test condition where A=B127 and rf--.

The requirement that T/8 0 not exceed 2 units is ret by all plans.
The final selection process therefore must include other considerations.
iowever, the ease with which viable alternatives can be identifier throueh
use of this procedure is worth noting.

Exanple (5): Assune that a given test problem does not dictate
use of a specific Bayes plan and that all feasible naves tests will be
considered for test plan selaction. Specifically what is desired is a
plan having equal risks, not to exceed 10%, and ninir= test tire.

The following plans using the A-r' criteria depicted in figure : will
eet the requirements:

a) T/rol.75 r*-]; A-B-8.67
3) T/%-2.5 r*-2; A-P-6.57

There are several other possibilities but they are not practical
because of excessive test len,'t,,s.

Some viable candidates usin!' the AI-R1 criteria set, shown in
figure 4 are:

a) T/ 0 -1.75 r*ml; Al!u]i13.6
b) T/0-2.5 r*-3; Al-Bl-l').57

111-7

-- -



NADC-75265-60

The feasible plans of the A-Bl criteria set, shown in figure 3, are:

a) T/ 0o-!.5 r*,l; A-Blr7.87
b) T/eo2.25 r*2; A-BI6Z

A comparison of plans with approximately equal test tie (i.e., the
coparison is among plans (a) or plans (b) in the different rest cats-
tories) indicates plans using the A-B or the A-BI criteria are preferable
to the A,-B ] plans, since they offer laver risks. It is to be e-phasized,
however, that the purpose of this exarple is to illustrate use of a
technique; not to suggest that different test criteria can sur-narily he
subJected to a trade-off study; or to ir-ply that selection of a prefer-
able plan be based solely on =inirtun risk or minimur test tire. A
course of action for these situations is proposed in a suhseqtent section
of this report.

Exanple (6): Devise a Bayesian test plan which has an a priori

probability of acceptance, P(Acc), of 907.

Draw a horizontal line through the P(Acc)-.q point on the Y is

of the curves shown in figure 5. The intersection of this line with
each r* curve (the r*iO curve is not used because the point of intersec-
tion is too close to the tire origin) identifies potential candidates in
terms of test tire, P(Acc) and r*. To obtain the corresponding
value of constrier's risk construct a vertical line fron a given point
of intersection to the consumer'i risk curve having the se r* value. Thus,
for the r*- ] curve, a B value of .21 and a test tire of .3 eo ,mits is
obtained. For the r*in2 curve, the correspondin- value is Bm2n, T-.7 eo
units; the rk=6 curve yields a B of .16 and T-2.1 eo units. The rela-
tively short test times indicated for these plans, even for the r*-6 plan,
tends to con.firm previous rer-arks concerning the expected shortcominrs
of these tests.

D. Hybrid Test Plans

The outstanding feature of Hybrid plans is that the consuneis
risk is not affected by the prior distribution. This property rakes
utilization of these plans especially attractive in cases where difficulty
is experienced in the assignment of an appropriate prior cr when assur.-

tins tmderlying its formulation are tenuous. As a test rnethod Pybrid
plans offer a number of advantages over the Classical approach, sore. of
which will be discussed in the next section. However when viewed in
ter=s of thefr constmer/producer risk curves they offer nothing new.
The Classical S is the consumer's risk function used in all the graphs
depicting this test method, while several diffe-.t Bayes :ritert.a are
used for the producer's risk. Figure 6 denotes the A-S ccr'ination;
figure 7 the Al-B, and figure 8, the P(Acc)-S set. A priori pararmter
values are identical to those previously usei, i.e., i-150, i=3.

In addition to the obvious application as a device for test plan
development, the graphs have utility in other respects as well. For
example, when evaluating alternative approaches it may be of interest
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to determine the value of the Classical consumer's risk that corresponds
to the consumer's risk of a given Bayes plan. To illustrate how this may
be accomplished, the three different Bayes plans of example I,, with the
following properties, are utilized;

1) T/00-2.0; r*-l; A=9.57; 11=6%
2) T/eo-2.75; r*=l; A=-B=8,6%
3) T/Oo-l.0; r*-O; A-B-12%

Example (7): The classical O's that conform to the B risks listed
above can be ascertained with the aid of the graph of the Hybrid method
contained in figure 6. (Conformance is established in the sense that this
value of 8 determines a Hybrid plan which is identical to the oripinal Bayes
plan in all other test parameter values.) Any combination of two of the
three quantities (T/60 , r*, A) listed above can serve to locate the appro-
priate value. In the first plan, using T/00=2.0 and r*=l, a B value
of Q.5% is obtained. For the other plans, O's equal to 13.55 and 13.07
were obtained by following the same procedure.

Example (8): Perhaps another interesting example is one involving
comparison of plans using different criteria. Specifically what is wanted
is a measure of the differences between plans with A-8 and AI-S criteria
sets.

Maintaining the consumer's risks fixed at a value of 10%, one possible
plan, using risks Al-S has a producer's risk of 217 for T/Oo3.3 and r*- 3.
Another plan using the A-$ criteria, again with consumer's risk of 10,
has a producer's risk of 12.47 and requires only Ti6ol.15 test units for
r*-O. If the test lengths are made equal by acJustinp the time of the
A-S plan, this plan will now have a producer's risk of approximately 5.F7

while the consumer's risk remains at 1../

An equal risk plan using criteria Al-S requires T/ 0o=5.25 units of
tire allows six failures and has risks of ArS=l0.4%. For criteria
combination A-0, a comparable plan in terms of the risks, has A=8=9.5%
and can be performed in 2 Oo test hours, allowing one failure. The
difference in test time, while substantial here, depends on the values
assigned to the a priori parameters. Again, these e::amples are not
intended to imply that one set of criteria is readily interchangeable
with other sets; rather it is suggested that a careful review of candi-
date criteria sets, to determine whether they represent meaningful figures
of merit in a given problem situation, precede a corparison of the type 7

outlined above.

In th,. previous section it was recommended that P(Acc) not be used
as a test criterion but as a means of deciding ,hether the device to be
tested is ready for test or in need of reworP. The graph shown in
figure 8 can be used to calculate the value of P(Acc) on which this
decision can be based. To implement this requires that any two of the

* fcur quantities that define the test (i.e.; T/6 0 ;r*, consumer's risk,
producer's risk) be available in numerical form; the appropriate P(Acc)
value can then be determined from the graph of figure P.
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SECTION IV

I. CHANGES IN TEST PLANS AS A FUNCTION OF CHANGES LN PARAMETER VALUES.

A. General

The aspect of Bayesian tests thdt is ot much practical concern
is the influence of the prior distribution on the test. Since it
generally is difficult to arrive at reliable estimates for the prior
parameters, it is of considerable interest to determine, for example,
how errors in these estimates change preselected risks or otherwise
affect test properties. Although there are a number of articles in
the literature that attempt to deal with this problem, conclusions
differ and seem to depend on the variables analyzed.

For the inverted gamma prior distribution, this study has found
that the Bayes risks are quite sensitive to the expected value of this
distribution, E (8). In fact the difference between E(6) and the re-
quired MTBF, 0 0, constitutes a useful easure in the analysis of this
problem. It should be recalled that E(6) represents the value of MTBF
derived, either empirically or on a personal probability basis, prior
to conducting the test. 80, on the other hand, is the value of MTBF
that reflects the requirements of the intended application. The
demonstration statement is usually posed in terms of another value of
MTBF, 01, denoting a minimum acceptable MTBF. When E(6) is large
compared to 60, for a given 01, there is favorable expectation of
successfully completing the test. This condition is designated as the
optimistic case, or one with an optimistic prior, and is in contrast
with the pessimistic case, where E(6)<e0 . The latter case reflects a
situation where the pre-test MTBF estimate is less than the value
specified for the test. Consequently, the chance of successfully
passing the test is small, assuming the estimate is reasonably repre-
sentative. In the optimistic case, a large area segment in the prior
distribution is generated by values of 0 between the limits 00,<0 ;
whereas in the pessimistic case, values of e within the range o<e<01 ,
will give rise to a large area. That is, large left or right tail ateas
result when the product is estimated to be either very bad or very good
compared to the required value, 00.

The approach used to study the impact of the prior consisted of
constructing graphs of selected Bayes and Hybrid risk functions for
various values of expected MTBF, E(6), and to make inferences concerning
the differences observed. Specifically, criteria sets A-B, A-iA 1 -B
and Al-B were selected for this analysis. Five graphs were plotted per
criteria set, each with a different value of the scale parameter, 6,as
follows: 62 100, 150, 200, 300, 400. As a consequence, E(6) took on
values of 50, 75, 100,150 and 200, respectively. 00 was chosen to
equal 100, and 81 was 50. This assignment permitted examination of
both optimistic and pessimistic priors.

IV-i
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B. Effect on Bayes Plans

Figures 9-13 are plots of the risk functions of criteria set

A-B vs time. In the initial graph E(O) equals 50 and since O0=lO0, it
exemplifies the pessimistic case. In the succeeding graphs E(O) takes
on increasingly more optimistic values until a value of 200 is reached
as shown in Figure 13. The different initial and final values of the
risk curves, a condition previously noted, are readily observable in
these graphs. As explained, these values represent probabilities which
are derived from the prior density; moreover, their relative magni-
tudes can be inferred directly from the classification assigned to the
prior (i.e., a prior is classified as pessimistic or optimistic relative
to the Lest requirement, 00. Also, a pessimistic prior implies a large
left tai! area; an optimistic prior a large right tail area.)

The relationship between the size of the tail areas and the
limiting values assumed by the risk functions follows directly from the
definition oi these risks. For example, by definition, the Bayes pro-
ducer risk is a conditional probability indicating the fraction
of rejected units that are good (good means that 6>0o). For long tests,
this conditional probability will equal P(60 Oo), the probability of
having good units on test. However, P(0>Oo) is also the right tail area
of the prior distribution. Therefore, an optimistic prior will give rise
to a large asymptotic value of producer's risk. Conversely, a small
limiting value of producers risk is caused by a pessimistic prior.
Moreover, as this function increases monotonically with time the limiting
value also represents the maximum value.

Similarly, the consumers risk which is defined in terms of the
percentage of accepted items that are bad (..e., have a 8<6i) will,
as test time approaches zero, equal the percentage of bad items on test,
P(e<0 1). For a pessimistic prior this will be a large value. As more
optimistic cases are encountered, by increasing E(6), this magnitude
will decrease. Finally, when the expected MTBF is twice the required
value (i.e., E(O)=20o), the situation depicted in Figure 13, the con-
sumers risk curves will not only nave a small initial value but will be
essentially independent of test time over an extended portion of total
test time. Since these curves decrease mcnotonically with time, the
initial value also represents the maximum value. Thus, with an optimistic
prior it is possible to formulate test plans having, both, a very small
consumers risk and a very short test time, as exemplitied by pAans that
may be developed from the graph of Figure 13. The basic problem with
this type of test is its almost total dependence on the prior MTBF
assignment. Whe:, it can be established that the prior does accurately
reflect the MTBF characteristic of concern, these piliis may be attractive
in terms of the cost savings they offer. Difficulties arise, however,
when this is not the case. The tabulated data sho.m below indicates how
rapidly the risks change as a function of the prior parameter values.
The data was derived from the curves of Figures 9-13 using a normalized

test time T/00=1.5 units and r* = 1 for all data points shown.
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E(0) A B

50 100 .028 .22

75 150 .078 .114

100 200 .15 .06

150 300 .3 (estimated) .014

200 400 (cannot be .002
determined
from the

graph)

As indicated in this table, a 4 to 1 variation in E(0), or 6i,causes
approximately a 100 to 1 change in the consumers risk and a correspond-
ingly large change in the producer's risk. While the selectioi, of the
T/00, r* values used in this example may seem arbitrary, the results are
indicative of the magnitude of the risk excursions that will genera.lly
be encountered. This may be verified, with the aid of the graphs, in
the following manner: Select an arbitrary set of risk curves (i.e., one
consumers risk curve and a producers risk curve with the same r* value)
and examine the change in the risk functions as E(e) is varied. Thi s is
best accomplished by picking a number of points on the time axis and

determining the risk values corresponding to these points for each graph
shown in Figures 9-13. Review of r.his data will permit determination that,
for a given r*, as T/60 is increased the variation in E(O) with consumer's
risk will decrease, while the opposite is true for the producers risk.
Howeve:, si;.;ce short tests have greater practicality and are thereforc
utilized more frequently, the previous conclusion is generally applLcable.

Bayes plans utilizing criteria set A1-B, are shown in Figures 14 to
18. The characteristics of this set were not examined in detail although
it was noted that changes in parameter values have a much smaller effect
on the risk functions and that the different initial and final values
previously observed were absent, at least over the range of values plotted

in the graphs.

C. Effect on Hybrid Plans

Figures 19-28 illustrate the impact of parameter changes on
Hybrid plans. As can be seen, the consumer's risk function is not affected
by these changes while the variation in the producer's risk curves is
identical to those displayed in previously presented graphs, appearing

in Figures 9-13. The fact that consumer's risk is independent of the prior
distribution precludes implementation of plans with, boLh, a small con-
sumer s risk and a short test time.
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In addition to providing good consumer protection, Hybrid tests
offer another advantage in that they generally can be completed within a
reasonable time frame. However, a quantitative comparison between
Classical and Hybrid plans, necessitates establishment of a specific
set of ground ;ules. Based largely on the thought that a Bayes and a
classical producer's risk are alike in the sense that both represent
decision errors whose magnitude is to be controlled by the test, an
equal value assignment was made. Equal values were also assumed for the
consumer's risks, because of the resulting simplification in the data.
The pprtinent data may be arranged as shown below:

Choice of a = A = 13% and a = 13% provides the following plans:

K=2

0=i0 E(6) r* T/.0  B A B Comment

Classical - 10 7.4 13% - 13%

Hybrid 50 No plans are possible
for these risks

75 0 1.0 12 12

100 2 2.5 - 12.5 12.5

200 8 6.5 - 13 13 These are extrapolated
results;
r* values have to be
increased beyond the
number shown in the
graph to get definitive
points.

Choice of A == 5.5% results in the following plans:

K=2

00=100 E(0) r* T/80 8 A B Comment

Classical 14 10 5.5 - 5.5 Extrapolated value

Hybrid 50 0 1.5 - 5.5 5.5

75 4 4.5 - 5.5 5.5

100 7 6 - 5.5 5.5 Extrapolated value;r*
must be greater than

150 6 to get specific test
points.

200
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The T/Oo column indicates the amount of test time required for N
each plan.

The tabulation shows that Hybrid plans require less test time than
their classical equivalents (equivalency is in terms of the risk values),
with the largest aavings in test time occurring for Hybrid plans with
pessimistic priors.

D. Effect on the Discrimination Ratio.

To this point, a discrimination ratio, K of two has been used
in all the graphs presented. The fact that test properties change as
the K ratio is changed is a well documented result for the Classical
method and applies to the Bayesian and Hybrid methods as well. Increasing
the K ratio decreases test time for a given level of risks and allowable
number of failures. However, the new operating characteristic (O.C.)
curve adversely affects the consumer if the change In the K ratio is
accomplishee by decreasing 0l. If 00 is modified the producer is
penalized. In this report, the different K ratios were obtained by
changing 01, analegous to the procedure used in MIL STD 781-B.

Although all test methods exhibit this sensitivity, Bayes plans
utilizing criteria set A-B were chosen to illustrate this effect. Two
additional 7. values,K-1.5 and K-3, and two values of E(6), E(6)=50 and
E(O)=100, were utilized in this analysis. The pertinent graphs are
shown in Figures 29-34.

It is to be observed that there is no change in the producer'e risk
curves as a function of the different K v'!ues. That is, the family of
producer's risk curves for E(O),50 and E(0. 100 are identical for K=I.5,
2 and 3. This is explained by recalling that the change in the discrim-
ination ratio results from a change in 0 1. Since the producers risk
does not invol.ve 01, this function is not affected. However, the con-
sumer'srisk function, which does contain el is noticeably different as
the K ratio is varied. As in the Classical Case, the change is in a
direction which requires less test time when the K value is increased,
if the other parameters a'e held constant. The graphs for E(0)=50,
Figures 29-31, indicate, for example, that a test plan with risks
A-B-5% and r*=O requires a T equal to one 9c unit when the K ratio has a
value of 3; when this ratio is decreased to i.5, test time increases to
5.5 60 unizs while the other parameters are kept at approximately the
same values (i.e., A-B=4.5% and r*=O).

The consumer's risk curves for E(0)=100, Figures 31-34, in addition
i to the previously noted effects, exhibit different initial values when

the K ratio is varied (i.e., have different values of consumers risk
for test time approaching zero). This type of behavior has been observed
previously but under different conditions. E-rlier, when discussing this
result in connection with a Bayes test, 00 and 01 remained fixed as the

prior parameters and, therefore, E(O) took on different values.
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In the present situation, E(0) and 0o are constant, while 01

and consequently, K, Is varied. Clearly this is a different condition;
yet one which is amenable to a similar explanation providing the original
context is widened. The following rules apply to the more general case:

a. For constant E(0)

An increase in 0o, 01 or both, creates a more pessimistic
prior (i.e., it decreases the chaxce of successfully passing the test);
a decrease is 8o, 01 or both, produces a more optimisuic prior.

b. For constant 80, 01

An increase in E(0) leads to a more optimistic prior; a de-
crease in E(O) makes the prior more pessimistic.

The new framework helps to emphasize that the prior estimate as
well as the test specification determine the classification of the prior
distribution. The graphs of Figures 13 and 34 tend to underscore this
fact. As can be observed, the initial values of the consumer's risk
functions are similar even though the E(0) and 01 values differ con-
siderably. The explanation is that, in accordance with the stated
rules, both priors are to be classified as optimistic priors. This
is the reason for the similarity in the initial values of the respective
risk.functions observable on the graphc.
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SECTION V

I. TEST PLAN SELECTION CRITERIA

There re two fundamental aspects to reliability demonstration,
economic ond statistical. Because of severe resource constraints,
current practice is to choose a test based primarily on economic
considerations. However, statistical issues cannot be ignored as

they affect the essential purpose and usefulness of thi type of
test.

The basic aim of demonstration testing is to distinguish between
two possible values in a quality characteristic of a product, such &s

MTBF, For the Classical method, the instrument that measures how well
a test performs this functi-n is called the Operating Characteristic
(O.C.) curve of the test. The curve provides a quantitative method
for judging proposed plans and has long served as a criterion for test
plan selection. Unfortunately, the Bayes approach does not make use
of a similar procedure. The function that is often calculated is the
probability of acceptance, F(Acc), a quantizy that has already been
discussed. P(Acc) is the classical O.C. curve averaged with respect to
the entire prior distribution which, for a given T, r* combination,

takes on a single value. 'The use of this numeric as a figure of merit
has the disadvantage in that it includes all the uncertainties inherent
in the prior distribution. Consequently, information imparted in this
way tends to be qualitative aud more difficult to interpret compared to
what is available using the conventional approach. Moreover, as test
specifications, for all methods described, are stated in terms of specific
values of MTBF and not in terms of distributions or averages, it seems
appropriate to continue use of O.C. curves as a tool for the evaluation
and comparison of any test plan, no matter how derived.,[

One approach to determine E1.. O.C. curve of a test plan is to
substitute the T, r* values of that plan into the equation for P(Acc/O),
(i.e., the conditional probability of acceptance for a given value of e),
postulate different values for 6 and compute P(Acc/e) for these values.
Since a constant hazard rate model is assumed by all test methods, the
appropriate expression for P(Acc/e) is the PDisson function summed over
the allowable number of failures. Stated in equational form,

i e ;

P(Acc/O) > e
ro

where T denotes test length; r equals the number of failures occurring
in T; r* is the maximum number of failures allowed for acceptance and
T/ is the average rate of failure occurrences. Thus, once the pair
(T, r*) of a plan is known, its O.C. curve can be calculated. Also,
since a T, r* combination determines a unique test plan, its O.C. curve
is also unique. This approach, therefore, provides a logical and objective 1k1 basis for judging how well expected test goals are being achieved. in

#summary, the suggested procedure offers the following advantages:
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a. It is consistent with the form in which the test
hypothesis is posed: i.e., in terms of single MTBF values, not in
terms of distributions or averages. The Classical O.C. curve is
well suited to provide a concise answer to a question that normally
arises in this context, which is: how does the proposed test perform if
the product has an MTBF equal to the value(s) postulated?

b. It is not directly dependent on the prior distributional
assumptions. The prior, however, partially determines the T,r* values
which are used to compute the O.C. curve.

c. It provides a comson basis for comparing different plans
no matter how derived.

d. It is simple to construct ad easy to evaluate.

e. It permits examination of a plan in terms of an attribute
whose meaning is unambiguous and well understood.

Given that T, r* values have been chosen, the actual calculation
of the O.C. curve can be accomplished in several ways. Since the
solution involves use of Poisson probabilities, which are widely
tabulated or available in chart format (Thorndyke chart), a feasible
method is to reference existing aids and provide instructions on their
use. This approach, however, introduces some inconvenience in per-
forming the necessary computations and was, therefore, not implemented.
Instead, it waz decided to develop a simple graphic scheme capable of
addressing this problem more directly; it consists of plotting contours
of constant normalized MTBF values, 6/60, in the probability of accept-

ance P(Acc) and normalized test time, T/00 , plane. Each graph contains
a family of 20 v/00 curves which vary between the limits of .1 and 2,
in increments o! .1. Also, a separate graph is constructed for each
value assigned to r*. Ten values of r* were selected, starting with zero
and increasing in unit steps to r*=9. With the aid of these graphs, the
O.C. curve of any plan can be determined by means of a simple two step
procedure:

1. Given the T, r* values of a plan, select the graph with the same
r* number as that specified by the plan; (for example, if _ie test plan
specifies r*=6, choose Figure 41).

NOTE: Two different symbols, R* in the graphs and r* in the report, have
been used to deonte the same quantity. .1. R*=r*

2. iaving identified the proper graph, draw a vertical line,
from the point on the abscissa equal to the T value of the test, to
intersect all 20 curves of the graph. Each point of intersection
identifies a value for the acceptance probability which can be read on
the ordinate scale. The 6/ 0 value associated with a particular point
of intersection can be ascertained as follows: The first 5/e0 curve,
i.e. the one closest to the horizontal axis, has a value of 0/60-1.; the
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next curve has a value of .2, etc. Thus, an O.C. curve can be
constructed based entirely on the data dtrived from the 20 points of
intersection. The following example will illustrate this procedure
in more detail.

NOTE: The graphs are scaled in terms of normalized test units. Therefore,
if the plan measures time in T/80 units, this value should be entered
directly, otherwise the specified test time must be divided by 6o!

Example (8). Example 2 of this report, discusses a Classical

test plan with the following characteristics: a = 18%; 8 12Z;
T/60 - 6.3; K 2, r* - 8. Determine the O.C. curve for this plan.

Since r* 8, the proper graph is Figure 43. Locate the T/eo = 6.3
point on the abscissa of that graph. Use a ruler to draw a vertical line
from this point to intersect all curves in that graph. A horizontal line
drawn from each point of intersection to the Y axis, provides the corre-
sponding values of the probability of acceptance.

The data is most suitably arranged in terms of the tabulation shown
below: 0/6o P(Acc) percent

.1 0

.2 0

.3 0

.4 2.5

.5 12

.6 28

.7 48.5

.8 61

.9 73
1.0 81.5
I. 1 86
1.2 91.5
1.3 14
1.4 96
1.5 97
1.6 98
1.7 98.5
1.8 99
1.9 99.2
2.0 99.5

The O.C. curve of this test can be constructed entirely from the
above data. However, salient test properties can be inferred without
actually doing this. First note that for W6e0 = 1.0, the probability
of acceptance equals 81.5%. Since the test was constructed to have an a
of approximately 18%, the O.C. data shows that this requirement is
approximately satisfied (i.e., sipze P(Acc/8mO) = 1--a). Similarly,
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when a0 .5, the corresponding P(Acc) value is 12%. This correctly

reflects another requirement of this plan, which is that B12%=P(Acc/8= 1 ),
when the discrimination ratio is 2. Going beyond these two points, the
protection afforded by this test can also be ascertained without
difficulty. The region of main concern to a consumer encompasses
acceptance probabilities for small values of 0. If these probabilities
are small, this indicates that he is getting good protection from the
plan. For example, a device with an MTBF of 40% of the required value
will only have a 2.5% chance of being accepted by the test. Conversely,
the portion of the O.C. curve of primary interest to a producer concern
the acceptance probabilities for large values of 0. The data indicates
that a device having an MTBF that is 120% of the required value has a

91.5% chance of being accepted. This O.C. curve, therefore, reflects
the condition that, in general, good devices will be passed and poor
devices rejected by the test, consonant with the basic purpose of this
type of test.

Having illustrated this procedure on a Classical Plan, it is
informative to apply the technique to other test methods as welt. Stnce
the procedure is the same no matter what plan is used, the inter.cd1i':e
steps are omitted and only final results are shown. Extending the
analysis of a previous example (eyample 5, page 111-7), the O.C. data for
each plan cited in example 5 was calculated and is presented in the
following table.

O.C. Tabulations for Test Plans of Example 5

NOTE: The common features of these test plans are: K2, 6-150; i3;
E(a)=75; 00=100. Characteristics that vary from plan to plan
are indicated in the data column of that plan.

A-B I AIBl A -81

A-B-8.6% A-B-S.SI .I-BI=I0.S% Al-Bj-9.S% A.B-7.8%1 A-BI-6%
r-u3 r* r--3 r-4 jr- r*-2

eo ( T/eo1.751 T/::-2.!1 T/eo-2.45 T/eo-3.15 T/eo-l.$ T/6o-2.25

.1 0 0 0 0.2 0 0° 0 0 1 °0 1
7 10 14 10.5 11 7.8

.- 13.5 21 28.0 22 20 17
" . I 7.

.6 32 42 40 2 9 27.S
.7 2-9 42 3.5 j 5.5 S3 37 3 7.S
.8 1 36 51 63.S 64 44 47

.9 42 59 71 72.5 s0 55
1.0 1 47.5 65 S 77 79 56 61

1.1 52.5 7.) 81.5 84 1 60 66.S
1.2 -S. 5 74.5 8S 87.5 65 5 71
1.3 61 78 88 90 1 68 75
1.4 64 81 90 92 71 i 78

1.5 67.5 83.5 92 94 73.5 81
1.6 70 8S 93 95 76 831.7 , 72. ' 5 7 94 96 7 ' 595 96. 78 ( 85

1.8 75 t.: S 96.5 80 87
1.9 76.S 90 96 97 81.5 88.S
2.0 78 91 96.5 97.5 83 90
! V--4
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By way of comparison, the data indicates that the protection
provided by these plans is inferior to that of the Classical plan of
the previous example. This result is not completely unexpected since
the test time for the latter plan is considerably greater than the
times required by the Bayes test. Comparisons within Bayes plans identify
plan A-B as being best timewise, but lacking in protection t3 either
consumer or producer. Plan A1 -B does better fir the producer and a
little worse for the consumer. The poor producer protection exhibited
by these plans, especially plan A-B, is somewhat surprising especially
in view of the tendency for contractors to favor the Bayesian approach.
However, this data cannot be considered representative since it is
based on arbitrarily selected prior parameter values. To address the
more general condition, the O.C. characteristics of four Bayes plans
of criteria set A-B, each having a different prior, were calculated
and this data appears in the following table. All pertinent test
conditions are as shown in the table. To facilitate comparisons, an
attempt was made to keep the risks approximately the same.

O.C. Characteristics for Bayes plans using criteria set A-B

NOTE: Common features of the plans are K-2; e0=100. Other conditions

are as indicated in the table.

A-86% I A-B-8.6% A-B8.61 AuBS% A*B=i.4%
E(G)-SO (e)-S E(Bo-1O0 E(e)-is E(O)-200
6-100 & 6SO j 1.200 Z-300 6-400$-3 4- 4=3,-€3 4.3 0&3

8/80 T/8002 T/00-1.75 T/00-1.6 T/00 I.25 T/600 .4
ruO r'=! r-=2 r*=4 r*-6i I

.1 0 ' 0 0 0 87.5

2 0 0 1 25 99.5
.3 0 2 9.5 60 100.0
.4 0 7 23.S o80 0I '.5 13.5 1 38 89 =

!1 i
.6 i.5 ! 21 so09
.7 s.s 29 60 6.S
.8 l 8 36 68 989 Il1 42 74 99 !I.0 13.S 47.5 78.5 99

1.1 16 52. 210.
1.2 19 S2.5 82 10.01. 957.5 1 85 !

1.3 21.5 i& i 87.5

1.4 24 64 89

1.S I 26 67.5 911

1.6 28.5 1 70 92

1.7 31 i 72.S 93
1.1 3 75 94
1.9 S 6.5 94.5 1
2.0 -37- 8 95 IV
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This tabulation illustrates a previously mentioned problem with
some Bayes tests. It was pointed out on page 11-5, that, if
the prior is overly optimistic about the capabi.ities of a device, a
Bayes procedure can be very poor in detecting inadequate devices. The
O.C. data In the last column (i.e., where E(0)-200, twice the required
value) confirms this statement. The data shows, for example, that a
device having only l0% of the required MTBF value will have an 87.5
chance of being accepted by this test. The adjacent coluvti, with a
less optimistic prior, does better, but not by much. For E(6)=150,
devices with an MTBF equal to 50% of the rcquired valLe, will be
accepted 89% of the time. This constitutes very poor consumer pro-
tection, althoigh the producer does benefit in that almost nothing gets
rejected. Resorting to plans with less optimistic priors helps the
consumer, but this gain is accomplishea at the expense of the pro-
ducer's interest as his protection is drastically reduced. This is
exemplified by the plan having an E(6) of 75; that plan indicates that
a device that is twice as good as the required MTBF has only a 78%
chance of being accepted by the test. This, of course, represents an
intolerable situation to a contractor. His interest is better served
with a more optimistic prior but unfortunately, this causes consumer
protection to deteriorate rapidly, as has been shown. In general, the
use of an extreme prior results in a test which favors either producer
or consumer, depending on which extreme is chosen.

The O.C. data flr several additional tests previously discussed in
this report, was comr'led to permit more comprehensive evaluation of
zheir properties. The next table shown is for plans using the AI-Bl
criteria set. The plans also differ in respect to values assigned to
the parameters of the prior distribution. It is to be noted that these
plans provide better balanced protection than the A-B plans previously
described.

V-
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O.C. Tabulation for test plans using -:riteria set AI-B I

Note: Common features of these plans arc: K-2; 0o"i00.

A-Blw9i I Aj=B 1.8"5% AI&B I=9% I AI=B!-9.2% I Ai BI=8.6%
/°o 6=100 6=150 I's"200 '300 I;400 '6/0 Oo;-3 .2 3 ! 3 =-3 V .3

0 T/eo2.25 T/9 0 3"5 J T/e°=3.3 T/0=3.S !T/e°=3"7 [

r*=3 I r*=4 ir4 r-*4 j r*-4

.1 0 i 0 i 0 i0! 0I. I

.2 0 0 0 0 0

.3 5.5 2 1 .5 1, o
. 18510.5 8 6
18.54 25 1 21 11 17.5 i14t I |

.6148 40 351 31 26 2

.7 60 53 49 i 4 39
8 69 64 60 1 1
.9 75 72.5 69 65 61

1.0 81 -19 76 72.5 68.S
i 85 83.5 81 7. 7a. .. I 1I 78.5 .i 7

-7.5 S5.5 3 80
i:.3 90 90 1 88.5 86.5 i 84
19292 91 89 97
. 93.s 94 i 92.S 91.5 90

1.6 94.5 95 ' 94 93 91.5
1.7 0C S 96 9594 93
1. 96 96.5 i 96 95 94

1.9 a 97 97 96.5 96 i 9
2.0 7.5 97.5 97 z 96
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The O.C. data for the important Hybrid test category has been
assembled in several different ways. First, the data for the Hybrid
plans of example 8, which involved a comparison of plans utilizing
criteria sets A-B and A1-B. is presented. In this tabulation, the 3rd
column contains data of a comparable Classical plan. Test times, risks
and otner features of each plan are as indicated in this table. Next,
the O.C. characteristic of each plan is depicted as a function of the
prior characteristics and is presented in the subsequent two tables.
The consumet protection provided by these plans is generally good (of
course, at the a point, the risk has the specified value). The pro-

ducer'6 interest is also well served in some of these plans especially
when the prior is optimistic. The use of an optimistL prior in this
test method does not lead to a breakdown in consumer protection as it
does in some Bayes tests, but tends to be of mutual benefit.

O.C. Tabulations for test plans of Example 8

Note: the common features of these plans are: K-2; 6-150; p.3; E(0)-7S; 803100

A-B A-$

Ai=B=10.4% A=Bzz9.5% a=B=S.3%
0 r*=6 r*-I r*-8

T/60=5.25 T/0eo2 T/0o-6

.1 0 0 0

.2 0 0 0

.3 0 1 0

.4 2.5 4 3.5

.5 10 9 15.5

.6 23 15.5 33.5

.7 37.5 22 S.5
8 1.5 29 66
9 63 35 77

1.0 72.5 40.5 _4.5

1.1 79.5 46 90
1. 2 85 SO. S 93
1.3 88 S4.5 95 S

1.4 91.5 58.5 97
1.5 93.5 61.5 97.5
1.6 95 64.5 98
1.7 96 67.5 98.5
1.8 97 70 99
1.9 97.5 72 99.5
2.0 98 74 99.6
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O.C. characteristics of Hybrid plans using criteria set A-8

Note: common characteristics are: K-2; 9o=100

E(8)-50 E(G)-75 E(e)-100 E(O)-150 E(O)-200
AwB=5.41 An6uS.6% A=S,6.9% A=6=13.4% A=o=21.4%

10 'S.1o S.200 .300 .-400
/eo 3 4-3 333

T/0o-1.45 T/0o,,4. S T/0ooS. 65 T/0o=S T/Oo=4. S

r*-O r*-4 r*-6 r*=6 r*=6

.7 0 0 0 0 0 4

.2 0 0 0 0 0 [

.3 0 0 0 0 0 i

.4 2.5 1 1 3 7

.7 12.S 23 30 43 53.5

.8 16 34 44 56.5 66.5S

.9 20 44 56 68 76

1.0 23 53.5 66 76 83

1.1 26.5 j 61 74 82.5 88
1.2 30 [ 68 80 87 91.5
1.3 32.5 73.5 85 90 93
1. 4 35 78 88.5 93 95
1.5 1 37.5 I 82.0 91 95 97
1.6 40 84.5 93 96 97. S
1.7 42.5 87 95 97 98

1.8 45 89 96 97.S 98.5
1.9 471 91 96.5 98 99

2.0 48 I 92.5 97 98.5 99.5
_.St_ . -

V-9



NADC-75265-60

O.C. characteristics of Hybrid plans using criteria set AI-8

Note: comon characteristics are: K-2; 0o=100

E(G)-50 E(G)-75 E(O)-100 E(e)-IO0 E(O)-150 E(O)-200

A ,= =lO.8% A j= S-lO.2% A l-S-9.8 % AI- -l1.3% A -8- lO.O AI -- 10.5 %
&-100 .15O ,ZO0 &=200 Su300 .140

0/60 43 ,-3 4,.3 +23 43 t.3
T/eozS.2 T/0o S.2S T/ 0 5.3 T/eoff4.5 T/8o=4.65 To 3.95
r*E6 r*W6 r*w6 r*-S r'wS r_4

.1 0 0 00

.2 0 0 0 0

.3 0 0 0 0

.4 2.5 3 2.5 3

S 1O.S 10 9.5 11.5 10 10

.6 21.5 24 21.5 20.5

.7 39 35 35 32.5

.8 S2.5 S1 47.5 44

.9 64 .. .... _62 58.5 52

1.0 73 72.5 72.0 70 67.5 63

1 1 80 77 75 70
1.2 85 82 80 76.5
1.3 88.5 86.5 85 80
1.4 91.5 90 88 84
1.S 93.5 91.5 90 87
1.6 95 93.5 92.5 89
1.7 96.S 95 94 91
1.8 97 96 95 92.5
1.9 97.5 97 96 94
2.0 98 97.5 96.5 95
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A P P 1: N 1) I X A

BAS I C :OILNIIJLA

Wlhen the t ime to fai lure is exponent iai 1 st r i but -d, the naI.ncr

of t.i lure, in a period of length T has the Poisson dist ribut ion with

p.ira:eter [/0, so that

[ycc q)~~

wher, PIA I,; the conditional probbility of test acceptance (i.e.,

acceI.t.unce of ,he hypothesis thal 9 = 0.) given that the :,1IBF equals 9,

and r as t'.e raxmum nuriber of fai lures permitted in I.e interal T, for

.X: i; Cept deci siotl.

Clissical test plan design is generally based on the followiluz

speci ficat ion-:

- r -.,., - 7 ..> -

a. - r !

rzo

,h:rv .xS ,le|ga.te the classical prodhcer's, con-umer's risk

respect i vely.

-A-I-
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The Bayes risks are obtained by integrating PcAccl )
with the prior distribution f(O). Trhe t-xprcssion for the iBaycs posterior
produccr's risk, denoted :is A, is oibtaind as follos: -R
b" def in tion A ep 0(j)

I and p ( =~ -d

P(8260Vj P(A)ed

P(Acc) SP(ACC~efOd

P(ACC) .4 P(Re) Ip

hhein ,he prio'r ds t ribut ar:. f- Cf, - the In~erted gamimm; den'Itv.

A-'
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I7(e o

= o ezo

%here 6, € denote tht scale aind shape pairameters of this distribution.

respective ly, and are assumed to be. known.

subst itu: liu: thc exprcs:.ions for J~)and
Into the .- ll'o. cqtta e(1 yields

00

0 p(,o ri

tnu RUc t -. , ral -.te|).' invol,- n.. r ,a.istion of the- integral to an[n I n.i~tC gzir" n function b? a chage of vaz~ahle's. :ts follows:

jut 0 =

'Ilh';t it n ght-.c vart.ihlI ein the i ntegr;il vit d -

A- -
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(OHr.! -(.mf x

dx-

-A..

0I
0f f4+r-i) ..(T41).X

let U(*(T4,)X(

T -r4

04
The anove integral, now in the form of the in,omlete garra funct!0P,

can be soived in several different ,ay<. Since tables of the InC,)i l A
gamar fizmnt-on are available. the" r a:v be used to obt:i-n a c!.-:t: n !,e-:w

lpg .1-1; L'c-; <e",r.-tI other procedures for evaluI:atiznp th.; f"m .: i,,n.A

lihen : i-- ,n intcge r > 0 the solution ray le ,hurived : z . , .
•-ing operator notation:

ing"ope_

T- Tt4
II

0

e. 1
an!

D+Da + D , j

SA-4
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0 --

the enzrire funct ion can now be writ ten as,

Cho'

Z___ I

, I

.vid r
~~ho 4 J' p= O ~ n c I i u t i~ r ~ f e d ~ i ~ it i n

A-4 PpO~rL Od-girl
rxr*+I

P (Ae P4 (0-9!t

A-5 p(I-I
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IRy def"inition, the Bayes consumer's risk B is expressed as:

~(e= e(8jAcc)
P(Acc)

Jr-

= P~~iAzo rZP )r! 0e(

-t ha rvo~ybeen shownsx (derivation of equation 3) that

indi ror integer. thlz:

C r-tr9 j -d 4 (4r9 !(0. egO)]

*I -ha

de7,f 010

f +
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"r r

-(1 o 0

(T___ +-'4.w j -( T(

if is an ilteger, this expression further reduces to

[ -.B-,-
(0tri-! I-(-

where

q -jy,

S i flpI i fyi iiI

(O~-1

jaO

- A-9 -
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Therefore

r f# r -. 1rsO ( ri(T !r-,)

r... ... o,-i".j
r 0yr" I [4mJo " J

P -

tile equation for 00 is determined as follows:

0d

- (4 ede
O1=

00 X)

this integral is si!mitlar to the one appearing in the derivation of
equation A-4. By anology;

-A-19-
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p@,'e,) qJ.

for = integer, this equation reduces to

1'"- #= -o./ - 9

4ZO Je

... e 'd

where 
jOjq

The p ceulre for evPain is:

0

eea
-I0%1- 

--1
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ilt

o 0o

a,; shown in the derivation leading to equation A-0.

,~-~~i;, f . is integer valued

j-O

-o

-A-L2 -
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equations A-1 through A-8 are the expressions used, in various combinations,

to compute the risk functions corresponding to the values assigned to T'go

and r*. These data were then incorporated into a plotting routine which

generated all the graphs shown in the body of the report. To illustrate,

graphs of the risk criteria set A - B were formulated using the following

relationships:

A = Equation (A - 3)

Equation (A - 4)

B Equation (A - 6)
B =Equation (A -6)

for criteria set A1-B1, the following equations apply

A Equation (A -3)
I Equation (A -7)

Equation (A - 6)

1 Equation (A -8)

for criteria set A-BI

Equation (A - 3)
A Equation(A- I)

B = Equation (A - 2)

- A-13 -
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